Abstract: We analyze classical and quantum chiral ring relations of four dimensional N = 1 adjoint SQCD with superpotential turned on for the adjoint field. In particular, for the mass deformed theory we obtain the complete on shell vacuum expectation value for various gauge invariant chiral operators and find non-trivial gaugino condensations. When approaching to massless limit nontrivial flat directions in the moduli space of vacua appear, where the Coulomb branch can be naturally classified and the Higgs branch receives quantum corrections. We argue that the solution of the chiral ring is in one-to-one correspondence with supersymmetric vacua, provided that an additional Konishi anomaly equation is included.
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Introduction
The realm of N = 1 supersymmetric theories in four dimensions exhibits various interesting phenomena, among which electric magnetic dualities play an important role. The pioneering work of Seiberg [1] demonstrated the IR equivalence of two seemingly distinct gauge theories, in which he showed several exact matchings between operators, moduli space of vacua and massless excitations near singularities. This provides many insights into the non-abelian gauge dynamics of N = 1 theories. Soon it was realized that such dualities are generic for N = 1 theories [2, 3] . In [4, 5] , an attempt was made by Kutasov to analyze the dynamics of N = 1 SQCD with fundamental matter plus one adjoint chiral multiplet (ASQCD) 1 . He showed that by properly adding a superpotential term for adjoint chiral multiplet that truncates the chiral ring of the theory, a generalized version of Seiberg duality also exists. This duality undergoes various semiclassical consistency checks [6] , and it also sheds light on the quantum chiral ring relations in the original electric theory: a quantum chiral ring relation for Coulomb operators are in fact classical combinatoric constraints in the dual theory. The duality was further explored by [7, 8] to understand the spectra of the confining theory; the corresponding effective superpotential were written down. It was shown there that the effective superpotential is generated by multi-instanton effects in the dual theory.
Meanwhile, another important progress was achieved by the seminal work of Dijkgraaf and Vafa [9] in probing N = 1 dynamics. They conjectured that the effective superpotential of a wide class of N = 1 supersymmetric gauge theories can actually be calculated perturbatively in a closely related matrix model, whose potential is just the classical superpotential of the gauge theory. A striking conclusion was that only planar diagrams in the matrix model suffice. Later, Cachazo et al [10] provided a purely field-theoretic proof of the correspondence proposed by Dijkgraaf and Vafa, by analyzing Konishi anomalies and chiral rings of U (N ) gauge theory with one adjoint chiral multiplet. The powerful conjecture of [9] makes many exact computation in N = 1 theories (with or without adjoint superfield) accessible; to name several but not all of them, see for instance, [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] .
However, even with the proposal of duality and the tools from matrix model, there are many other peculiar phenomena in ASQCD that escape precise understanding. For instance, with the aid of a-maximization [21] [22] [23] , one discovers that for Kutasov model at large N , some chiral operators decouple and become free under RG flow, introducing in the IR socalled "accidential symmetry" [24] . Moreover, in [25] the author found that in such class of theories there are UV irrelevant operators whose scaling dimensions cross marginality under the flow, hence are "dangerously irrelevant" [26] . The appearance of such operators are quite counter-intuitive in the sense that in the Morse theory interpretation, RG flow is usually triggered by relevant operators; in other words, the relevant operators are "consumed" along the RG trajectory, and its number should thus decrease along the flow. This "marginality crossing" behavior is in fact special only to N = 1 theories in four dimensions; indeed, as shown in [27] , N = 2 theories do not admit dangerously irrelevant operators.
Resolving these peculiarities in N = 1 ASQCD often requires a more precise understanding of vacuum structure, and it is our main motivation of this paper. We will focus on chiral rings of Kutasov model as well as its mass deformed counterpart. The chiral ring probes the vacua of the theory, and tells us about the quantitative behavior at low energies: e.g., chiral symmetry breaking, confinement and electric-magnetic duality. The complete chiral ring relation for U (N ) theory with one adjoint chiral superfield is obtained in [28] , and our work is a generalization of that.
We remark that Kutasov model falls into an ADE classification of SQCD with adjoints [29] . This series are revisited recently in [30] , where some puzzles are found. We hope that the full analysis of quantum chiral ring would resolve these puzzles and, eventually helps understand the entire ADE series 2 or ASQCD without superpotentials.
Background and summary
In this paper we analyze the chiral ring of four dimensional N = 1 supersymmetric U (N c ) gauge theory with one chiral multiplet Φ in the adjoint representation of U (N c ), and N f fundamental as well as antifundamental chiral multiplets Q f and Q f where f, f = 1, 2, . . . , N f . We consider asymptotic free theories, namely 2N c > N f . The Lagrangian of the theory is
where for simplicity we do not distinguish between the U (1) couplings in U (N c ) and SU (N c ) couplings, unlike that of [32] . We also think of U (N c ) Kutasov model as coming from SU (N c ) model by gauging the U (1) baryon symmetry. Kutasov model also requires a superpotential of Φ labelled by a positive integer k,
and the UV theory enjoys an
In this paper, we mostly focus on k = 2. For kN f < N c , the theory does not have a quantum vacua; for kN f = N c the vacua is modified quantum mechanically; for kN f = N c + 1 the theory is s-confining, and the effective potential is given by a set of composite degrees of freedom with an irrelevant potential. For kN f > N c the theory admits a dual magnetic description with gauge group U (kN f − N c ).
Kutasov model in general has nontrivial moduli spaces, to understand its quantum chiral ring/quantum vacua, one adds proper deformations to the tree level potential (1.2) to collapse the flat directions. The most general single trace deformation we can add is [11, 12] 
where
Also we define L = lN f .
We will call such theory with deformed superpotential (1.3) the "mass deformed" version or "deformed cousin" of Kutasov model. In the bulk of the paper we will be frequently comparing massive and massless theories.
The paper is organized as follows. In section 2 we review some well-known facts about the chiral ring for U (N c ) ASQCD. We classify chiral operators and describe their relations, with special emphasis on two equivalent descriptions: the algebraic description in terms of generators and relations, as well as the geometric description in terms of expectation values for various composite fields.
In section 3 we calculate the the classical chiral ring and describe different branches of the moduli space.
After that, section 4 is devoted to understand the quantum corrections to the chiral ring. We will list the complete Konishi anomaly equations that give the perturbative chiral ring. The nonperturbative corrections come from certain resolvent operators, whose periods over one cycles of some auxilliary Riemann surface should be integer [12] . It has also been known how to solve the off-shell vacuum expectation values for mass deformed theory [12] ; and in this paper we solve them on-shell. In the mass deformed theory, the classical vacua are shifted by quantum effects and there are nonvanishing gaugino condensations. With the inclusion of a new Konishi anomaly equation, we are able to prove that the solutions of the chiral ring are in one-to-one correspondence of the supersymmetric vacua. Then, we focus on massless Kutasov model itself. The difficulty of understanding the flat direction of the moduli, unlike that of SQCD, is that the theory has more possible deformations. We will examine a special massless limit and its implications.
Finally, section 5 applies the established framework to some examples of massless model. We will see the existence of quantum corrections directly.
Chiral rings in N = 1 theories
Following the notation of [10, 11] we review some basics of chiral rings of four dimensional N = 1 theories, with fundamental plus adjoint matter. An operator O is chiral if it is annihilated by a pair of supercharges of the same chirality: [Qα, O} = 0. One readily checks that a product of two chiral operators is again a chiral operator, therefore chiral operators form a ring.
In the chiral ring, one defines an equivalence relation, namely two chiral operators are equivalent if they differ by a Qα-exact term. Modulo this equivalence relation, a chiral operator is independent of the position since
Therefore, the correlation function of the form
. . x n . It is then possible to move each operator insertion to be mutually far away, such that the expectation value factorizes:
For ASQCD, we need to classify all the possible chiral operators modulo Qα-exact terms. A crucial fact used in [10, 33] is that, for an adjoint valued chiral superfield O,
which implies the adjoint superfield Φ commutes with vector superfield W α while W α anticommutes with W β . For fundamentals, W α Q f as well as Q f W α is not in the chiral ring [11] . Therefore the possible candidates for the ring are
4b)
We name u k the Casimir operators, r k the generalized glueballs, w α,k the generalized photinos, and v k the generalized mesons 3 . Their form suggests to define resolvent operators as the generating function of these chiral operators
We will be mostly interested in the resolvent T (z), R(z) and M (z). For supersymmetric vacua, the chiral operators w α,k are zero [28] . Although there are nontrivial ring relations among w α,k , for solving the vacua we can temporarily neglect them, see section 4. For U (N c ) theories, the single baryon
formed by dressed quark is not gauge invariant; but the composite BB is. However, such operators are not in the chiral ring since they can be expressed in terms of generalized mesons, thus are not independent. In general, whether at classical or quantum level, the chiral ring of a theory T is a quotient of polynomial ring by some ideal, S:
We call the ideal S the chiral ring relation. Such notation provides two interpretations of the chiral rings. First, the solution satisfying the relation given by S parametrize the supersymmetric vacua. Hence one thinks of the moduli space of vacua as an algebraic variety defined by ideal S in the polynomial ring. Second, the chiral ring is the coordinate ring defined on the variety. These two interpretations establish an algebraic and geometric connections between chiral rings and vacua of the theory, similar to the stories in classical algebraic geometry. Specifically, let V(·) denote the operation of taking algebraic varieties of an ideal, I(·) the operation of taking polynomials vanishes on the algebraic variety, then by Hilbert's Nullstellensatz,
with √ S the radical ideal. In modern language of schemes, we have V(S) := Spec R. A remark is in order. Unlike (twisted) chiral ring in two dimensions, in four dimensions the N = 1 chiral ring cannot be formulated in term of cohomology [34] . The intuitive reason for that is the supercharges (of the same chirality) as part of the definition in the cochain complex carries Lorentz indices, which are rotated into each other under SO(4) Lorentz group. Since one may construct an example that cohomological description fails for a particular supercharge Q1, one sees that it fails for all linear combination of two supercharges aαQα.
In what follows, we denote S as the quantum relations of Kutasov model, and correspondingly R for quantum chiral rings.
Classical chiral rings of Kutasov model
Generalities
In this subsection we mainly focus on the massless model with superpotential (1.2). We will briefly comment on its relation to the mass deformed counterpart at the end.
From the Lagrangian of the theory we know the corresponding D-term equation reads
while the F -term constraint is
so Φ is nilpotent 4 with degree k. The nilpotent matrix always has degree no bigger than its order, so for simplicity we only discuss k ≤ N c in this paper 5 . The only nilpotent matrix which is diagonalizable is zero matrix; others can only be put into Jordan normal form:
where the Jordan block J i is
The nilpotency implies that λ 1 = λ 2 = · · · = λ n = 0. A Jordan block J i is uniquely determined by its order N i . Thus a nilpotent matrix can be labelled by a partition of N c , [N 1 , N 2 , . . . , N n ], characterizing the size of Jordan blocks :
We use the symbol Y as a Young tableau with i-th row of length N i . It is a Young tableau for partition of N c into integers no larger than k.
For nilpotent matrix, we always have
which means classically, the vevs of Casimir operators u j in (2.4a) are always zero. Note this does not mean u j = 0 in the chiral ring 6 . In the meantime, the vevs of generalized glueballs r j are in general proportional to the strong coupling scale Λ 2Nc−N f , and are constrained by fermionic statistics. Since they can only be formulated using adjoint Φ and vector superfield W α as in (2.4), the constraints are exactly the same as that in [28] and we will not include them in current analysis. Therefore, modulo generalized glueballs and photinos, the classical chiral ring of U (N c ) Kutasov model is a quotient ring of the polynomial ring generated by generalized mesons and Casimir operators:
4 This is not true for SU (Nc) theories, where a traceless condition should be imposed. This additional constraint makes Φ either diagonalizable or nilpotent. See [7, 8] for more details. 5 Strictly speaking, k = Nc case is in fact a double trace superpotential, as Tr X Nc+1 is not independent. 6 In mathematical language, the two coordinate ring may define the same classical algebraic varieties, but they do not define the same scheme.
The constraint S(u 1 , u 2 , . . . , u k−1 , v 0 , v 1 , . . . , v k−1 ) is hard to compute in general. A powerful tool that helps is from computational algebraic geometry. To be more specific, classically we can form a quotient ring using microscopic fields:
where S F comes from F -term equations of the superpotential. We do not have to consider the D-term once we complexify the gauge group [35] . The vacuum is parameterized by gauge invariant data, c.f. equation (2.6). The natural map arising from composing microscopic field into gauge invariant ones extends to a map between rings:
Then by definition S = ker ψ.
Computation of this kernel is standard in the theory of Gröbner basis [36, 37] . This method has already been adopted in understanding the vacua and computing Hilbert series of the vacuum moduli, see e.g. [38, 39] . In section 3.2, we will explicitly see how this works. The above algebraic construction is quite abstract. We now turn to concrete description in terms of the moduli space of vacua. As we already know, the Coulomb branch vev Φ is parametrized by Young tableau [N 1 , N 2 , . . . , N n ]. There are two cases to consider: (2) N i > 1 for some i. Since nontrivial Jordan block does not commute with its conjugate, in general the vevs of quark superfields Q and Q are not zero. We will call it the mixed branch.
In (3.5) we see the vevs of gauge invariant Casimir operators are always zero. However the above two cases reveal there are distinct branches in the vacuum moduli. Then the natural question is how can one distinguish between them. Classically, we might tell which branch we are in by looking at the flat directions of generalized mesons. In the branch [1, 1, . . . , 1] only v 0 is nontrivial, but for other branches more non-trivial generalized mesons appear. However, we will not use such descriptions because such flat directions receive quantum corrections.
Alternatively one can try to study the branch when the deformation (1.4a) is turned on. Moreover we require the deformation is sufficiently generic and g 0 = 0 in (1.4a). It is not hard to see that now Φ must be diagonalizable, with entries the roots of polynomial
Then the Coulomb branch vev Φ is labelled by integers 
where Y D is the dual Young diagram of Y . This is also frequently used in the literature as the mapping between nilpotent element and semisimple element. Careful readers now may worry that the mapping is not one-to-one; one can permute the roots {a i } corresponding to the integer {s i }. However, there is a natural way to make this mapping one-to-one, due to the fact that their semi-classical unbroken gauge group for a given set of s i are uniquely fixed regardless of permutation of roots:
Therefore we may define our map from a nilpotent Φ to the image taking the rank of unbroken subgroup of U (N c ). In figure 1 we give an example of the correspondence of the Young diagrams. 
This identification is more robust than the previous one in the sense that patterns of unbroken gauge group are rigid against quantum corrections. We will see that it is indeed the case in section 4.
As we have seen that the deformation (1.4a) is important to distinguish between different branches, it is illustrative to summarize what the vacua look like if the full deformation (1.3) is turned on [12] . In this case, the vacua consist of Coulomb branch (pseudo-confining branch) and Higgs branch. For Coulomb branch, we have
For Higgs branch we have
where b is the root of B(z) = det m f f (z) = 0. Similar reasoning to that of [12] reveals that root b can only appear in Φ once. The solution can also be elegantly packaged as
where r I = 0, 1 is the number of b I in the diagonal of Φ . This solution of classical Higgs branch will be important in section 4.
Example: U (2) theory with k = 2
Having discussed generalities, it is time to get refreshed by a couple of examples. In this subsection we will be illustrating the case N c = 2, k = 2 with N f = 1, 2. We have two choices of Young tableau for Φ : [1, 1] or [2] . Upon deformations by (1.4a), [1, 1] corresponds to the dual vacua [2] where the gauge group remains unbroken as U (2), but [2] corresponds to the dual vacua [1, 1] where gauge group is broken down to U (1) 2 . For [1, 1] branch, v 1 = 0 but it is nonzero for [2] . Since Φ 2 vanishes, one concludes that v j = 0 for j ≥ 2. Therefore we know classically,
Next we turn to the classical relation S. A nice computer program that produces the kernel of the map ψ in (3.8) is Macaulay 2 [40, 41] . In the following we list the relations S(u 1 , v 0 , v 1 ) for N f = 1, 2:
Notice that u 1 is nilpotent in the chiral ring; the classical relation implies that u 1 = 0 as an algebraic variety, and the rest constraints in the relations are trivially satisfied. So v 0 , v 1 take arbitrary complex values.
• N f = 2. It turns out that the relation can be compactly cast as For N f = 1, we again see the chiral ring is generated by u 1 , v 0 and v 1 as:
The Casimir operator u 1 is again nilpotent in the chiral ring.
Motivated by our study of U (2) and U (3) theories with k = 2, we conjecture the classical constraints for general U (N c ) theory with N f fundamental flavors, with k = 2 as follows. The superpotential (1.2) forces the nilpotent matrix Φ to be
where we denote n 2 as number of order 2 Jordan block, then the trivial Jordan block has number N c − 2n 2 . Apparently, the chiral ring relation should not depend on the choice of n 2 . For N f = 1, we can write down the complete relations S; but for other number of flavors, we only write down relations in √ S. They may not necessarily be the true chiral ring relationas the chiral ring contains nilpotent elements.
• N f = 1:
• N f ≤ N c /2 . The solutions to S do not constrain v 0 and v 1 , they can take arbitrary complex values. This may be confirmed in the N f = 1 case above when taking u 1 = 0. We thus have √ S = u 1 .
• N c /2 < N f < N c . Since the adjoint chiral superfield is built from rank ≤ N c /2 data, the second generalized meson becomes degenerate. The solution for v 1 satisfies: 22) and there are no additional constraints on v 0 .
• N c ≤ N f . We define v = v 0 + v 1 . In addition to (3.22), we have
When N c < N f we have yet another relation coming from the degeneration of first generalized meson v 0 : v
Quantum chiral rings
In this section we analyze quantum chiral rings. When dealing with the quantum vacua with nontrivial flat directions, the usual way is to deform the theory, endowing all the matter with a mass and then taking appropriate limit [42] . We thus introduce the deformation (1.3) first and study the resulting vacuum expectation values of gauge invariant chiral operators; by taking the limit one ends up with some particular point on the vacuum moduli.
We emphasize that such a way recovers vacua as an algebraic variety (or the radical ideal), but not the true chiral ring, by Hilbert's Nullstellensatz (2.7).
Perturbative corrections
The F -term constraint from the superpotential is obtained via chiral rotations X → X + δX where X is some chiral superfield in the Lagrangian. It can also be viewed as conservation law of the current
with a source term, which is subjected to Konishi anomaly [43, 44] and its generalized versions [10, 45] . If we pick δX = f ( Q, Q, Φ, W α ) where f is a holomorphic function of its arguments, the conservation equation can be written as
Here we may drop the D(. . . ) term and set to zero the left hand side of (4.2) since it is a Qα commutator, therefore zero in the chiral ring. In the Dijkgraaf-Vafa conjecture, the Konishi anomaly equations are identified as the loop equations of the matrix model [46] . The one-loop anomaly can be computed as that in [10] . For instance, given an adjoint superfield X and its variation as above, we have
where the coefficient A ij,kl is
For the mass-deformed ASQCD, the five independent Konishi anomaly equations are [11, 12] :
The right hand side of equation (4.5a) -(4.5e) is the anomaly at one loop; Setting them to zero reduces to classical F -term equations. Expanding both sides of (4.5) around z → +∞, and comparing coefficients with the same power of z give perturbative corrections to the chiral ring of the massive theory. There is one more Konishi anomaly. For an arbitrary matrix h g g , we take our chiral rotation to be δΦ
then we can write down the sixth Konishi anomaly equation:
where we have removed h g g on both sides. We have also dropped terms that contain W α Q f or Q f W α since they are not in the chiral ring.
The off-shell quantum Coulomb branch vacua have been solved by Cachazo, Seiberg and Witten as [12] using the anomaly equations (4.5):
where m(x) is the abbreviation for m f f (z) in (1.4b) and y(z) 2 = W (z) 2 + f (z). Because of y(z), the solution is defined on a genus k − 1 Riemann surface Σ. A i are the cycles that surrounds the i-th cut, smearing of the classical Coulomb branch singularity, and q I 's are the point corresponding to Higgs branch in the first sheet of Σ as a double cover of complex plane. Finally,
In solving these equations, it is required that when z approaches to q I , the residue of T (z) should be at most one [12] . We conjecture that this condition is encoded in the sixth anomaly equation (4.7), which will be clear in section 4.3 and 4.4. Note the above solutions are offshell, with f (z) being some generic degree k − 1 polynomial. We will solve these equation on-shell later.
Exactness of Konishi anomaly
A natural question to ask is if the Konishi anomaly receives further quantum corrections. Consider first the perturbative higher loop corrections. The UV coupling τ U V is replaced by dynamical scale Λ. To use holomorphy we write down the symmetry when all the couplings as well as scale Λ are treated as background superfields. Following [10] , the combination Consider first f = δΦ ∝ Φ. This variation is considered in [10] and is the coefficient of z −2 in the expansion of (4.5a). The difference between our case and [10] is we need to worry about the appearance of m f f,n . The right hand side in the expansion (4.5a) has terms proportional to W 2 α , so it is charged (0, 0, 2) under U (1) A × U (1) Φ × U (1) θ . Acceptable corrections should not depend on the negative power of couplings since they should vanish if couplings are zero. The only possible terms are g n Φ n+1 , W 2 α and m f f,n Q f Φ n−1 Q f , but they are already present in one loop.
The general case when δΦ ∝ Φ m is similar, where the charge under U (1) A ×U (1)
. For simplicity we illustrate m = n = 0 only. This is the z −2 coefficient in the expansion. It is charged (2, −1, 10/3) under
Nonperturbatively we should study the algebra of chiral rotations and the Wess-Zumino consistency condition on the anomaly [47] , following the line of [48] . We define the generators of the algebra as
One can in principle include the generator
here we do not consider the algebra involving K s,t since when acting on generalized mesons the transformation is not linear anymore. Note due to the presence of fundamentals, there is no U (1) shift symmetry, unlike the case with adjoint only. In terms of these operators, the Konishi anomaly can be expressed as a representation of the algebra:
It is not hard to check that these perturbative anomalies L, Q, R, M and M satisfy the Wess-Zumino consistency conditions and thus form a representation of the chiral rotation algebra. Now we are ready to check the nonperturbative corrections both to the algebra and the Konishi anomalies. Our theory has an axial U 
(4.14)
When those m's are finite, one expects that all the non-perturbative corrections can be absorbed into redefinition of the elements in the algebra [49, 50] . We leave the detailed proof to the future work.
Nonperturbative corrections
There are other relations in the chiral ring of nonperturbative origin, and typically involving strong coupling scale. Recall that our gauge group is of finite rank, the Casimir operators
are not all independent. The constraint comes from the characteristic polynomial of matrix Φ:
Classically, if we denote P (z) = det(z − Φ) = z Nc + p 1 z Nc−1 + · · · + p Nc−1 z + p Nc as the characteristic polynomial, then the above relation can be packaged as
The left hand side of (4.16) depends on finite number of parameters p 1 , . . . , p Nc while the right hand side of (4.16) contains all the Casimir operators. This implies the classical constraint (4.15). Quantum mechanically (4.15) gets modified by instanton effects, turning into
This can be deduced based on the fact that the resolvent T (z) has quantized periods. Indeed, if we focus on the classical Coulomb branch solution (3.12), then T (z) has a pole when z approaches to one of the root a i with residue equal to number of entries of a i . Integrate around small cycle around a i we have
Quantum mechanically the poles a i are smeared into cuts A i , and the complex plane becomes a Riemann surfaces Σ : y(z) 2 = W (z) 2 + f (z) (4.8), but the quantization condition is the same [12] : 19) still giving the rank of unbroken gauge group. Hence the rank is robust against quantum corrections, in accordance with what we mentioned in section 3.1. See figure 2 for illustration.
Moreover there are other quantization conditions. Pick the compact cycle B i of the Riemann surface whose intersection number with A i is δ ij . The field equation of T (z) implies that 1
This is proved by computing the effective superpotential and studying its field equations; so this relation is on shell [12] . Quantization condition of the resolvent T (z) over cycles of Σ implies that T (z) = d log ξ(z) for some function ξ(z) on Riemann surface Σ.
(a) (b) Figure 2 : The classical (a) and quantum (b) picture of describing resolvent T (z). Classically, T (z) takes value on a complex plane, with poles located at the root of (3.10). Quantum mechanically, the complex plane becomes a Riemann surface described by y(z) 2 = W (z) 2 +f (z); the poles a i becomes cuts A i . We also choose B i that intersects only A i . The quantization condition is around the cycle A i and B j .
Another way of understanding the quantization condition for T (z) is as follows. Once we expand the anomaly equations (4.5) and impose (4.17), the set of equations are overdetermined; there are more equations than variables. In order for the recursion relation to admit solutions, it is necessary and sufficient that the periods of T (z) are quantized. This statement is proved by Ferrari and collaborators [50, 51] . If one defines T (z) = F (z)/F (z) then [51] concludes that
with degree N polynomial P (z). Then
and
The factor γ can be chosen so that when m(z) = (M + z)δ f f , in the square root of (4.23) P (z) 2 − 4γB(z) should reduce to standard Seiberg-Witten curve; when m(z) = m f f it should reduce to that of [10] . Therefore it is natural that γ = Λ 2N −N f . This is consistent with [12] . By setting Λ = 0 one can get back to the classical results:
so the degree N polynomial P (z) can actually be identified as det(z − Φ), that is why we used the same symbol as that of (4.16) . Note that the expression in the square root of (4.23) is precisely what is conjectured by Kapustin [52] to be the N = 1 analogue of Seiberg-Witten curve. The quantum corrected formula (4.23) is a chiral ring relation, since (4.23) is satisfied on all supersymmetric vacua of the theory.
The photino w α will be corrected as well. (4.21) holds for arbitrary Φ, so it holds for Φ + M for arbitrary small and any matrix M . Taking derivative with respect to in T (z) = F (z)/F (z), we have
where we have introduced
with P (z; ) = det(z − Φ − M ). Take M = W α and integrate over (4.25), we get
This is a new relation. However, as w α has trivial expectation value for supersymmetric vacua, we will not need this relation in the future.
Comparison with perturbative chiral ring
After nonperturbative analysis, let us take a quick look at how perturbative ring looks like. By perturbative chiral ring we mean the strong coupling scale Λ → 0, and the chiral ring relation is governed by one-loop Konishi anomaly alone.
First we show that perturbatively there is no gaugino condensations. Recall our theory is governed by Riemann surfaces parametrized by y(z) 2 = W (z) 2 + f (z). The nonperturbative formula (4.23) gives another parametrization of the Riemann surface Σ: P 2 (z) − 4Λ 2N −N f B(z). Requiring consistency of the theory means the Riemann surfaces must factorize properly [12] :
where G(z) and H(z) are some polynomials. Perturbatively Λ = 0, so we see
is a perfect square. However since W (z) has degree k while f (z) has degree k − 1, this is impossible unless f (z) = 0. Plug into (4.8a), we see we must have R(z) = 0. Plug into (4.5d), we go back to the classical F -term for the Higgs branch. Therefore, perturbation theory does not alter the classical Higgs branch vacua.
Examples of chiral ring solution
We have introduced the gadgets to compute the quantum chiral ring of the massive theory in previous subsections, c.f. equations (4.5) and (4.23). In this section we explicitly see how chiral ring solutions give supersymmetric quantum vacua, in a one-to-one manner. Let us consider a massive U (2) theory with one flavor, and k = 2. This model is considered in section 3.2; here we assume the tree level superpotential to be This can be computed using entirely the chiral ring. Our strategy is to solve (4.5) and then rule out certain solution using (4.7). Classically there is no gaugino condensation so R(z) = 0. Expanding with respect to large z we have
These equations give u 1 = u 3 = u 5 = . . . , and u 2 = u 4 = u 6 = . . . . There are also chiral ring relations for the adjoints. We know from (4.16):
The coefficients p i of P (z) are related to u j by Newton's identity
so we obtain two equations on the generators u 1 and u 2 : Here the first five solutions are exactly listed in (4.30), including both Coulomb and Higgs vacua; the last one is not a physical solution, which corresponds to putting two −1 (the root of 1 + z) in the diagonal of Φ .
Remember that we still have one extra Konishi anomaly equation (4.7), which imposes additional constraint on generalized mesons. The recursion relation reads:
Notice that this equation is satisfied for all Coulomb branch vacua; the recurrence is also satisfied for the vacua (u 1 , u 2 ) = (−1, 1) and (0, 2). However (−2, 2) is ruled out. Therefore, our classical chiral ring relation gives complete solution which is identical to solving the F -term equations. In [12] the first five Konishi anomaly equations are used. There the way to make the solution physically sensible is to impose by hand that the residue of the resolvent T (z) at the Higgs branch singularity should be at most 1; this extra condition is valid both at classical and quantum level. We conjecture that this residue condition is equivalent as imposing another Konishi anomaly (4.7). We prove it in section 4.4.
Next we would like to analyze the quantum chiral ring of the model (4.29). Quantum mechanically the anomaly equations read: Likewise we read off the constraints of Casimir operators by expanding
with P (z) = p 0 z 2 + p 1 z + p 2 . Then we obtain the following relations on u i :
To the order of u 6 we can completely determine the expectation value of u 1 and u 2 and get rid of any unphysical solutions. One can use the elimination theory to get the final equation for u 1 :
Note that the vacua are corrected by instantons. When setting Λ → 0 we get back to the classical solutions. In particular we recognize one vacuum in the solution with eigenvalue diag(0, 1) for Φ . When u 1 = 1, we can solve that u 2 = 1, thus determine the characteristic polynomial P (z) = z 2 − z. For generalized glueballs we have 2r 0 = r 1 = 2Λ 3 . Therefore we can package it as
For this solution, the two Riemann surfaces defined by y(z) 2 = W (z) 2 + f (z) and y(z) 2 = P (z) 2 − 4Λ 3 B(z) match exactly. The reason that u 1 = 1 is not quantum corrected by instantons is that this vacua corresponds to residual U (1) × U (1) gauge symmetry; Coulomb branch vevs leave both monopoles massive, so in the low energy there are still two independent photons. Moreover from the expression of T (z) we know in this case instanton corrections begin to enter only for superpotential with k ≥ 3.
Isomorphism of Coulomb branch vacua. In writing down the quantum chiral ring associated to (1.3), we see that the only quantity that enters into the formula is B(z) = det m f f (z) , which is a degree lN f polynomial. This means for various choices of l and N f , one can pick distinct l and N f such that B(z) is identical. It is natural to conjecture that for these choices the Coulomb branch vevs are exactly the same. This is confirmed by explicit examples (for one example, see appendix B), thus prove the claim of [52] .
Solution of the chiral ring and supersymmetric vacua
We now turn to the proof that solutions of the chiral ring in the mass deformed theory are in one to one correspondence with supersymmetric vacua. We also show that, the extra anomaly equation (4.7) implies residue constraint on the Higgs branch, proposed by [12] .
We begin by proving that the one-to-one correspondence holds for Coulomb branch vacua. Classically, it is obvious that those vacua are exactly contained in the chiral ring by setting Q = Q = 0 and R(z) = 0 in the Konishi anomaly (4.5):
since this is just a gauge invariant way of writing F -term equations. Conversely, we show the solution of Konishi anomaly is contained in F -term solution. For Coulomb branch vacua, the proof is very similar to that of [28] . One can write
where ζ(z) is a degree k − 1 polynomial. Therefore we have an equality: 44) or in the product form P (z) W (z) = ζ(z)P (z). Over complex field C the polynomials can be factorized, so the general solution is of the form
is the subset of root of W (z), and since ζ(z) is of degree n − 1, so we obtain:
By definition of T (z) one concludes that all ν i are integers, labelling the number of entries of λ i in the diagonal of Φ . So this solution can be obtained by solving F -term.
Next we turn to the classical Higgs branch. This part of the proof is new. Again it is obvious that the F -term equations admit solutions that are all solutions of chiral ring relations. Conversely, suppose the fractional decomposition of resolvent T (z) is: 47) where the dots represent the terms coming from roots of W (z) as in (4.46). Moreover we also claim [12] the solution of M (z) classically is given by (3.14). Plug into (4.5d) we examine the singular part in z while ignore regular part and obtain:
We integrate this formula around b I and noticing the singularity comes from M (z) while m(z)
is a polynomial, we conclude that m (4.7) imposes the condition r I = 0 or 1. For simplicity and avoiding clutter of notation, we assume the superpotential to be W Q = m 1 QQ + m 2 QΦQ but we keep W Φ generic. Moreover, to linearize (4.7) we restrict our chiral rotation to be δΦ
then it is not hard to see the singular part of (4.7) becomes
with M (z) being substituted with explicit expression we arrive at −r I + r 2 I = 0, namely it can only take value 0 and 1. In proving this we have used the following fact:
(4.52)
The conclusion with r I = 0, 1 is exactly the same as the residue condition proposed in [12] . Therefore we conclude that the solution of chiral ring is in one to one correspondence with the supersymmetric vacua at classical level.
We now comment on the correspondence at the quantum level. We again divide our vacua into Coulomb branch and Higgs branch. Note first that the residue condition r I = 0, 1 cannot be modified at the quantum level. Otherwise if one turns off the strong coupling scale Λ and perturbative anomaly, then the residue condition at classical level is violated. Put another way, an integral constraint is robust against quantum corrections.
On the Coulomb branch, the low energy behavior is determined by factorization of the matrix model curve y(z) 2 = W (z) 2 + f (z). If there are k − n massless monopoles, then we have 53) so that F (z) is a degree 2n polynomial, giving a genus n − 1 Riemann surface. The number of independent photinos is n. The period of the resolvent T (z) around cycles of Riemann surface give the unbroken rank of the gauge group. These vacua degenerates in a one-to-one manner to the classical supersymmetric vacua.
Massless limit and Kutasov model
We have seen how to calculate the classical and quantum chiral ring of the mass deformed theory by means of solving the recursion relations. In this subsection we will approach the massless limit, by setting 54) and obtain the moduli space of vacua for massless Kutasov model. Again, we emphasize that in this way we only recover the radical of the ring relations as an ideal.
How many parameters are enough?
Unlike ordinary SQCD [42] where Tr mM is the only choice of single trace operator deformation, for Kutasov model there are many more deformation parameters. Just as written in (1.3), we may add (1) Casimir deformations: g n Tr Φ n+1 for n < k;
Generally, it is required to add all deformations and take various allowed limits. Unfortunately, it would be a cumbersome task. We would like to examine their physical significance and whether their number could be reduced.
Let us begin by Casimir deformations, (1.4a). For k > 1, these deformations are used to resolve the nilpotent matrix Φ into a semisimple matrix, c.f. section 3.1. Let there be s 1 of a 1 in the diagonal of Φ . The low energy gauge group contains a factor U (s 1 ) and some W -bosons become massive, with mass 55) and Φ acquires mass which is function of a i 's as well. So tuning g i 's is essentially tuning physical mass parameters. Therefore we have to at least keep the mass generic and distinct; hence the most general (1.4a) is required. Next we turn to generalized meson deformation (1.4b) with lN f < 2N c . The claim is that if one takes generic limit 9 , only the first meson deformation, Tr mv 0 is sufficient. We expect such limit probes a subset of true quantum moduli space.
To understand this, we compare the most general deformation (1.4b) and deformation using only Tr mv 0 = m
It is quite obvious that two cases share identical Coulomb branch vacua. For the latter, there is no Higgs branch vacua classically; while for the former case, it is given by (3.13). Now we take the generic limit. From (3.13c) we learn that the second term in left hand side approaches to a finite quantity while the terms in the bracket goes to zero as m f f,n → 0. To have solutions we must require at least one of Q f 1 and Q 1 f goes to infinity, which is a run-away vacua. Therefore, we conclude that the extra Higgs branch vacua are absent; the two kinds of deformation are equivalent.
Quantum mechanically, the solution of M (z) for arbitrary vacuum is given by [12] :
where z I for I = 1, . . . L = lN f is the roots of B(z). When r I = 1, poles of T (z) around z I is on the first sheet, while r I = 0 the second sheet. When all r I = 0, we return to the Coulomb branch vacua, (4.8b). A fact that we will prove in the Appendix A is R(z) = 0 in the final limit, so if there exists some r J = 1 we see that the second term of M (z) is infinite, assuming no accidental cancellation appears. However, in the classical expression (3.13c), we see a flat direction opens up if b happens to be the root of W (z). These would recover some missing Higgs branches. Therefore, to completely reproduce the flat directions in the quantum vacua, B(z) = det m f f (z) should have at least many roots as W (z). Therefore, we conjecture the sufficient number of meson deformations should satisfy:
Here we write k − 1 instead of k, as an overall U (1) factor in the gauge group does not affect the result. Even for l = 1, the computation of chiral ring is quite challenging. Relegating detailed study for future, here we only focus on the potential with l = 0:
9 By generic limit we mean that the roots of W (z) and B(z) are kept distinct.
to probe a subset of vacuum structure. We will see in certain cases it already has very nontrivial consequences. For convenience, we will take g k = 1 in later examples. Note that k = 2 is special. We know the most general deformation is W (z) = z 2 + θz + ν. No matter which root one picks, we always get the mass
so what matters is the discriminant. We can thus set θ = 0 for a further simplification. With the deformation Tr mv 0 only, the six Konishi anomaly equations are no longer mutually independent. In fact, the anomaly (4.7) can be deduced from (4.5c) and (4.5d). We have seen that this is true classically in section 4.3. Quantum mechanically we can expand (4.7) in terms of z → ∞:
where we omitted the flavor indices. Now multiplying both sides by mass matrix m g g , using (4.5d), and massage the dummy indices a little we get 2(n + 1)
We see this is exactly the recursion relation given by (4.5c). Therefore in the following computation we will ignore (4.7) unless stated. In Appendix A, we examine some general properties of the vacuum expectation values in the massless limit, from the recursion relations.
Examples of quantum chiral rings
In this section we study examples of massless S. These various examples also give further confirmation on the statements we made previously, e.g. section 4.5.1 and at the beginning of section 4.
We begin with k = 1, the superpotential (1.2) is essentially a mass term. When the scale Λ of the theory is smaller than the mass scale of the adjoint, Φ can be integrated out in the IR and the theory is effectively given by U (N c ) SQCD. This RG flow has been analyzed in [53, 54] , while U (N c ) SQCD was studied in [55, 56] . Since Φ is invisible in the IR, there is no need to add Casimir deformation (1.4a), in consistent with (4.57) .
U (N c ) SQCD with N f fundamental flavors can be thought of as gauging the baryon symmetry of SU (N c ) theory, under which the quark and anti-quark have charge ±1 respectively. When N c ≥ N f the classical chiral ring is generated by mesons Q f Q f freely; while for N c < N f there are nontrivial relations among mesons [55] :
This relation arises since mesons of order N f are built from rank N c data; and in particular for N f = N c + 1 the relation becomes det M = 0. In the following we scale the mass g 1 in (1.2) to be 1, and its dependence can be easily recovered. The superpotential we use is
A short cut to analyze the quantum vacua is to directly apply (4.8c). However we will try a more elaborated way by solving the recursion relation directly. This will be helpful later.
First, the recursion relation for generalized glueball in (4.5c) can be solved explicitly:
which is actually a recursion relation for binomial coefficients in (1 + x) 1/2 . By induction,
Next we focus on the recursion relation (4.5a):
Similar induction tells us that 6) with initial condition u 0 = N c . We can plug them into the series of T (z) and get
which is exactly the same as given by (4.8c).
We define Λ 2Nc = (det m)Λ 2Nc−N f by scale matching condition. In the meanwhile that there is a degree N c -polynomial P (z) with leading coefficient 1 such that
Integrating both sides and note that the only way that P (z) is a polynomial with leading coefficient 1 is that
Hence,
However, we should remember the scale Λ appeared here is not the scale Λ L of low energy effective SQCD. They are related by scale matching condition
Substituting into (5.9) and (5.10) we see the results for vevs of mesons and gaugino condensation is exactly given by that of [1, 42] . Now we can list the quantum chiral ring for above cases.
(1) N c > N f . There is no supersymmetric ground state; which means the ideal S contains unit, so R is empty;
(2) N c = N f . It is easy to see det v 0 = Λ Nc . Therefore the quantum moduli space is smoothed out.
(3) N c < N f . The quantum moduli space is the same as the classical one, thus
U (2) theory with k = 2 revisited
In this section we analyze the quantum chiral ring of the examples given in 3.2. As mentioned before we will use the superpotential (4.58) to deform the Kutasov model:
where we define τ 2 = −g 0 . We can use (4.5a) and (4.5c) to solve for the Casimir u j and generalized glueball r j first. There are two types of solution:
• 1 st Solution 10 :
(5.14)
10 In writing solution like this, we assume the convention (x) 1 2 = ± √ x, namely one can flip simultaneously the sign for the square root. So the above solution has in fact four independent solutions. We do not apply this rule to the strong coupling scale x = Λ.
• 2 nd Solution:
Higher order operators are zero in the limit. These two solutions are in fact the quantum deformed version of the classical vacua [1, 1] and [2] in section 3.2. Indeed, the classical Coulomb vacua for the massive theory is either diag(τ, τ ) or diag(τ, −τ ). The corresponding Young tableau is [2] and [1, 1] , which is dual to the Young tableau of nilpotent matrix [1, 1] and [2] . The vevs of generalized meson is related to glueballs by (4.5d) as v j = r j m −1 . The resulting quotient is an indeterminate, whose value depend on how τ and m f f approach to zero.
• N f = 1. For the vacuum [2] , we see in the massless limit:
This vacuum is quantum mechanically modified, as we have kN f = N c . Going back to table 1, we see immediately that the charge of Λ 3 is exactly the same as the charge of v 1 . This is consistent with holomorphy. However, we fail to produce flat direction for v 0 in this particular limit. For the vacua [1, 1] we see that
Here we have the freedom to tune parameters τ and m simultaneously. Consider
For (5.17a) not to diverge in the limit, we must have α ≥ 1. To the leading order we may pick α = 1. Plug in, we see 19) so v 1 is again corrected by one-instanton effect, although it has zero classical moduli. We conjecture v 1 = Λ 3 holds for the entire vacua from all possible limit. Note because of this the Higgs branch of Kutasov model is smoothed out, there are no singularities on the moduli space. This is the k = 2 analogue of smooth moduli space for N c = N f in SQCD.
Here we see a qualitative difference between Kutasov model and its deformed cousin. If we keep the deformation parameter τ finite, then taking m → 0 gives divergent v 0 and v 1 . This is in accordance with [5, 6] ; the finite τ endows adjoint chiral multiplet a mass, so the low energy effective theory is just U (2) SQCD with one flavor. It is a well-known fact that ADS superpotential lift the vacuum and the theory does not have a ground state [1, 42, 57] . But this will not happen in Kutasov model where we have seen that simultaneous parameter-tuning still preserves the flat direction.
• N f = 2. This is the simplest case when the theory is in conformal window [24, 25] . Now m f f is a 2 × 2 matrix. For simplicity we will take it to be diagonal, m = diag(µ 1 , µ 2 ). Consider vacuum [2] first. Everything remains the same except there is no instanton correction anymore: v 1 = 0. For vacuum [1, 1] , the expressions are similar:
We see no matter how one tunes the parameter, v 1 is always zero in the limit 11 . We conclude that generic massless limit could not recover flat directions for v 1 . However, it is possible to give flat direction to v 0 . The origin of Higgs branch v 0 = 0 remains. This means that at the singularity, the SU (2) L × SU (2) R chiral symmetry is unbroken, and the theory is in non-abelian Coulomb phase. The IR behavior exhibits Kutasov duality.
Here we can also see the difference between Kutasov model and its deformed cousin. When τ is finite, we have det v 0 = 4τ 2 Λ 2 . Since the adjoint superfield Φ is massive with mass 2τ , we see 4τ 2 Λ 2 is nothing but the low energy scale Λ 4 L of SQCD. This is precisely the quantum modified moduli space of SQCD.
U (3) theory with k = 2 revisited
Next we turn to the U (3) theory whose classical chiral ring is analyzed in section 3.3. The superpotential deformation used is again (5.13).
• 1 st Solution. This is the one corresponding to [2, 1] vacuum:
(5.23)
11 For instance, we can consider the tuning
where we choose α, β < 1 for the reason that v0 does not diverge. One sees that
after dropping factors which is zero in the limit. Since µ1,2 → 0 and α, β are positive, we see v1 → 0 in the limit.
which is the classical relation coming from "electric" characteristic polynomial 12 .
Let us now see what happens quantum mechanically. To compute quantum corrections we endow all quarks with mass by deforming the superpotential as 13
and we expect some of the vacua would be erased when m f f → 0. Indeed such vacuum has two types of solutions. For the first one, it is a deformation of Φ = diag(0, 0, 0, 0):
Moreover, since N f = 3 we learned that det v 0 is infinite. Therefore this vacuum is not present at quantum level. Similar reasoning shows that the vacuum which is the deformation of Φ = diag(1, 1, 1, 1) is also absent. The total number is reduced from 5 to 3, corresponding to u 1 = 1, 2, 3. Physically, these two run-away vacua precisely correspond to the parameter regime where ADS superpotential is generated at low energies (N f < N c ) after Φ is integrated out. The idea of [6] is that such elimination is equivalent to including the characteristic polynomial from magnetic dual via operator mapping. We now demonstrate that this is true.
First of all, it is straightforward to check that as m f f → 0 the vevs of Casimir operators are not quantum shifted. Following [6] we define 32) where I is the unit matrix. Then the superpotential becomes:
Kutasov duality proposes that the magnetic dual is a U (2) gauge theory with N f = 3 flavors of quarks and generalized mesons, plus an adjoint field Ψ with superpotential
When focusing on Coulomb branch, we can perform a similar trick and turn the superpotential of Ψ part into
Our results are slightly different from that of [6] in the sense that there are more vacua because the gauge group is unitary. For special unitary gauge group the traceless condition reduces the number of allowed vacua by about one half. Therefore, we would have Nc/2 when Nc is even as in [6] . 13 Because Φ is massive now, deforming by Tr mv0 is enough.
where α is some constant. The coupling and operator mappings given in [6] tell us that
Then it is not hard to see that for dual theory, the Coulomb branch has three allowed choices: Proof. We will use induction. Notice first that
where Λ 2N = (det m)Λ 2N −N f and P (z) = p N + p N −1 z + . . . p 1 z N −1 + z N . It is now safe to take massless limits on both side 14 , and because of claim 3, we obtain an equality: Now suppose k = 2. The comparing coefficients on both sides tells us u 1 p N = 0. Then we must have p N = 0, otherwise we are done. Then by iterating the procedure we see p 1 = p 2 = · · · = p N = 0; then u 1 = 0 so the claim is valid for k = 2. Suppose the claim is true for k − 1, now we proceed to the case of k. Again by comparing the coefficients of (A.7), under the condition u k−1 = 0 (otherwise we are done by assumption), we see all p i 's vanish. Therefore, u k−1 must vanish as well. So the proof is complete.
Although expectation values of Casimir operators and generalized mesons are zero, they may not be trivial in the chiral ring. We conclude that quantum mechanically, in general the chiral ring of Kutasov model can still be written as 
B Isomorphism of Coulomb branch vacua
In this appendix, we consider two examples that the quantum Coulomb branch receive exactly the same corrections. We take the gauge group to be U (2). This precisely corresponds to 3 Coulomb branch vacua and 5 Higgs branch vacua. Quantum vacua. The quantum recursion relation can be solved leaving single generator u 1 as usual. We expect that the quantum moduli space is a deformation of the classical one in the sense that if we take the strong coupling scale Λ → 0, we should recover classical chiral ring, possibly with increased multiplicities of the roots. Indeed in this case we have (u 1 − 1)(u 1 + 3) u is in fact the same as N f = 1, l = 2 case, except the substitution Λ 3 → Λ 2 . After some lengthy calculation we obtain the relation for the generator u 1 :
( It is not surprising to see that the expression is isomorphic to (B.5), and the quantum shift to the chiral ring generator u 1 is exactly the same. This isomorphism can be attribute to the fact that the curve P (z) 2 − 4Λ 2Nc−N f B(z) is isomorphic on the Coulomb branch.
